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Abstract

Field data and numerical simulations were used to investigate the effects of basin shape, continuous stratification,
and rotation on the three-dimensional structure of the dominant natural basin-scale internal-wave modes in Lake
Kinneret, a stratified lake large enough so that the earth’s rotation influences the wave motion. The structure of the
modes was inferred from power spectral density of measured and simulated isotherm vertical displacements and
from rotary-power spectral density of isopycnal velocities obtained from numerical simulations. The shape of the
lake at the level of the thermocline, in conjunction with the dispersion relationship, determines the horizontal
configuration of the natural modes. The dominant response to wind forcing was an azimuthal and vertical mode 1
Kelvin wave with a natural period of 22.6 h that propagated around the entire basin; the second most dominant
response was a vertical mode 1 wave with a natural period close to 10.5 h and composed of two counter-rotating
Poincaré circular cells. The sloping bottom produced an intensification of vertical displacements and velocities over
the slope due to focusing of waves rays after reflection at bottom slopes close to the critical angle. The amplitude
of the observed oscillations was very sensitive to the phase of the wind relative to the existing waves; resonance
was affected by the cessation time of the wind events because it defines the local forcing period and resets the
phase of the observed oscillations.

Basin-scale internal waves are ubiquitous to stratified
lakes and reservoirs and drive a variety of physical, chem-
ical, and biological processes in such water bodies (Morti-
mer 1974). They possess most of the energy contained in
the internal wave spectrum and play an important role in
energizing both vertical mixing and horizontal dispersion.
Vertical mixing at the metalimnion level erodes the natural
barrier imposed by the stratification and facilitates primary
production in the surface layer by incorporating nutrient-rich
hypolimnetic waters (e.g., Ostrovsky et al. 1996) into the
surface layer. Energy is transferred from the basin-scale
waves to turbulent mixing by sloshing and breaking of basin-
scale internal waves around the perimeter of the lake, by the
increased shear in the interior of the lake, or by the cascade
of energy from the basin-scale waves to high-frequency in-
ternal waves that are generated either by nonlinear steep-
ening or by shear instabilities (Imberger 1998; Boegman et
al. 2003). Equally, basin-scale internal waves, combined
with the action of the surface-wind-induced currents, sustain
horizontal dispersion via a host of mechanisms: pseudo-
chaotic dispersion (Stocker and Imberger 2003a), horizontal
shear dispersion (Stocker and Imberger 2003b), and disper-
sion by synoptic eddies formed when internal Kelvin waves
separate at headlands (Ivey and Maxworthy 1992). In addi-
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tion, the oscillating motion over a lake bed generates resus-
pension and transport of sediments, nutrients, and contami-
nants (Gloor et al. 1994). An understanding of the temporal
and spatial patterns of the basin-scale internal waves is there-
fore necessary to better quantify the above processes that, in
turn, determine the success of any water-quality investiga-
tion.

Observations of temperature or velocity fluctuations re-
veal that basin-scale internal waves have characteristic dom-
inant periods, even when generated by isolated wind events
or by wind forcing with different periods (Lemmin 1987;
Saggio and Imberger 1998). The observations also show that
the oscillations form coherent structures along vertical pro-
files and horizontal transects with length scales of the order
of the dimensions of the basin (Thorpe 1974; Münnich et al.
1992; Hodges et al. 2000). This suggests that lakes are dy-
namic systems with natural (or free) modes of oscillations
that have characteristic period and spatial structure and that
a knowledge of the characteristics of these modes is crucial
for understanding the baroclinic response of lakes to general
forcing.

When the relative importance of Coriolis to buoyancy
forces is small, as in low-latitude or narrow lakes, natural
modes are nonrotating seiches and, when it is large, as in
large lakes, the natural modes are rotating Kelvin and Poin-
caré waves (Mortimer 1974). In either case, the period and
the spatial structure of the natural modes are also functions
of the shape and the stratification of the lake. Analytical
solutions for these functions have not been found for general
bathymetries and only approximate solutions exist. Models
with simple horizontal geometries (e.g., rectangular, circular,
elliptical) and flat bottoms reproduce the periods well and
give indications of the horizontal structure of the natural
modes for layered (Heaps and Ramsbottom 1966; Csanady
1967; Antenucci and Imberger 2001) or for continuous strat-
ifications (Csanady 1972; Turner 1973; Monismith 1987),
but reveal little as to the effect of an irregular basin shape
or a sloping bottom.
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More elaborated numerical eigenvalue models allow mode
determination considering a variable depth, but the stratifi-
cation must be approximated by a series of homogeneous
layers (Schwab 1977; Salvadè et al. 1988; Bäuerle 1998).
Such numerical schemes yield horizontal structure of the
pycnocline displacements closer to those observed, but the
vertical structure of the modes is poorly reproduced. In par-
ticular, the changes of wave number, energy density, and
amplitude of the wave beam on reflection from a sloping
bottom (Phillips 1966; Eriksen 1982; Dauxois and Young
1999) cannot be captured by this type of model.

The structure of natural modes in a basin with a sloping
bottom and a continuous stratification was studied numeri-
cally by Münnich (1996) and Fricker and Nepf (2000) for
nonrotating, vertically two-dimensional basins with variable
depth. They showed that the sloping bottom dramatically
changes the spatial structure of the natural modes compared
with those solutions obtained for a rectangular basin. Fricker
and Nepf (2000) pointed out that an extension of their pro-
cedure to three dimensions (3-D) would be difficult.

Simulations with 3-D hydrodynamic models can reveal
features that can be attributed to the spatial structure of the
natural modes of oscillation. Rueda et al. (2003) associated
features in the horizontal distribution of the integrated po-
tential and kinetic energy of the vertical mode 1, basin-scale
waves in Lake Tahoe with major lake boundary irregulari-
ties. The difficulty in using 3-D modeling to infer the shape
and period of natural modes of oscillation is that, in general,
it is difficult to isolate and interpret their characteristic fea-
tures when the lake is constantly forced by an unsteady sur-
face wind stress.

In Lake Kinneret (Israel), 24- and 12-h-period signals
dominate the power spectra of the observed isotherm dis-
placement and horizontal velocity (Serruya 1975; Ou and
Bennett 1979; Antenucci et al. 2000). Serruya (1975) attri-
buted the existence of these periodic motions to the inter-
action of the periodic wind with a 12-h natural period of
oscillation, and documented the cyclonic rotation of the
24-h-period component of the signal. Ou and Bennett (1979)
described the 24-h-period oscillation as a vertical and hori-
zontal mode 1 (V1H1) Kelvin wave, and suggested that the
12-h-period motion was a nonrotating V1H1 seiche with a
nodal line in the north–south direction. With the circular flat-
bottom basin model approximation (Csanady 1967), Anten-
ucci et al. (2000) estimated the period of the natural internal
modes in Lake Kinneret to be 22.5 and 12.2 h and inter-
preted these as V1H1 cyclonic Kelvin and anticyclonic Poin-
caré waves, respectively. The proximity to the periods ob-
served in the field led them to suggest that these two waves
were the dominant modes in the lake. In a later article, An-
tenucci and Imberger (2003) showed how these modes
moved in and out of resonance with the 24-h wind forcing
as the stratification changed over a seasonal time scale (we
refer to resonance as the amplification of the motion that
occurs when the period and spatial structure of the forcing
coincide with those of one of the natural modes of the sys-
tem, and not in the sense used by Maas and Lam [1995],
who called a resonance the condition in which all wave rays
close upon themselves after multiple reflections at the
boundaries of the domain). The numerical simulations of

Hodges et al. (2000) confirmed the rotational character of
the 24-h component, but they attributed the 12-h component
to a seiche across the east–west axis of the lake with a small
north–south component. The conflicting results from these
studies indicate that the 12-h component remains to be un-
equivocally characterized. Also, the dependence of the mod-
al structure on the bathymetric shape, which is of critical
importance in determining the bottom and metalimnetic
shear-stress distribution, remains to be determined.

To address these issues, a field campaign was undertaken
during a typical summer stratification period. After describ-
ing the field campaign, we illustrate the effects of the hori-
zontal shape and sloping bottom of the basin on the structure
of the dominant natural modes by using spectral analysis of
field data and results of complementary numerical simula-
tions. We also estimate their natural periods and show that
the wind resets the phase of the observed wave field, im-
posing the observed periods, and that the time of termination
of the wind events is a very important parameter for the
observed resonant interaction with the wave field.

Field site

Lake Kinneret is a warm, monomictic lake, with the turn-
over occurring in late December or early January. The sum-
mer stratification is characterized by a thermocline 16 m
deep and a temperature difference between the epilimnion
and the hypolimnion of up to 88C (Serruya 1975). The lake
is approximately 22 km long north–south and 15 km wide
west–east and the maximum depth was about 39 m during
the summer of 2001, when the field experiment for this re-
search was conducted (see Fig. 1). During the stratified con-
dition, when internal wave activity is strongest, the dominant
component of the wind forcing is a strong westerly breeze
that blows every afternoon (Serruya 1975). Inflows, out-
flows, and density variation due to salinity have a negligible
effect on the dynamics at this time of the year.

Field equipment

To record the internal waves activity, 10 Lake Diagnostic
Systems (LDSs), containing thermistor chains and wind ve-
locity sensors, were deployed in Lake Kinneret during the
summer of 2001. Five of the LDSs were located close to-
gether to identify the characteristics of short-wavelength in-
ternal waves and the results from these chains will be de-
scribed elsewhere; only data from one of these stations (Tv)
is considered here. The location of the six LDS stations used
for the present analysis is shown in Fig. 1, and details of
their deployment are given in Table 1. The accuracy of the
thermistors was 0.018C (with resolution of 0.0018C). Stations
Ty (one of the stations close to Tv) and T9 also had full
meteorological stations mounted 1.5 m above the water sur-
face.

Observed wind pattern

Each day during the experiment, westerly winds started
abruptly after midday, reached speeds up to 11 m s21 that
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Fig. 1. Bathymetry of Lake Kinneret. Filled and open dots in-
dicate the locations of LDS and external wind stations. The dashed
contour indicates the perimeter of the flat-bottom basin used in one
of the simulations. The origin of the map coordinate system is sit-
uated at 35.518N, 32.708E.

Fig. 2. (a) Wind speed and (b) wind direction (meteorological
convention) measured 1.5 m over the lake surface at station Tv. (c)
Power spectral density of the wind speed in (a).

Table 1. Details of the deployment.

Station Deployment period Depth (m) Sampling interval (s) Depth of thermistors

T4
Tg
Tf
T7
Tv
T9

01 Jan to 05 Jul
22 Apr to 20 Jul
22 Apr to 19 Jul
22 Apr to 20 Jul
18 Jun to 02 Jul
17 Jun to 02 Jul

39.0
19.9
19.9
20.3
29.5
20.2

20
10
10
10
10
10

0.5 m and every 2 m from 2 m
every 0.75 m from 0.75 m
every 0.75 m from 0.75 m
every 0.75 m from 0.75 m
every 0.75 m from 0.75 m
every 0.75 m from 0.75 m

were maintained for 6–8 h (Fig. 2a,b), similar to that ob-
served previously by Serruya (1975). Power spectral density
(PSD; Bendat and Piersol 1986) of the wind speed (Fig. 2c)
reveals that, in addition to the dominant 24-h periodicity, the
wind signal contained a secondary 12-h periodic component
that had also been identified by Ou and Bennett (1979) and
Antenucci and Imberger (2003) in previous field campaigns.
The spatial variability of the wind field during the 2001 field

experiment was documented by Laval et al. (2003b); the
effects of the daily variations in the wind pattern are dis-
cussed below.

Measured basin-scale internal waves activity

The isotherm displacements (Fig. 3) and the PSD of the
vertical displacement of the 238C isotherm (Fig. 4), located
in the middle of the metalimnion, show that a 24-h-period
oscillation was dominant at all stations. This oscillation was
more energetic at the stations located along the 20-m-depth
contour (stations Tg, Tf, T7, and T9) and progressively less
energetic toward the interior of the lake (stations Tv and T4).
The second most energetic peak corresponds to a 12-h-pe-
riod oscillation, which was larger at stations Tf, T9, and Tv
and just significant at stations Tg, T7, and T4. The mean
stratification in which these waves propagated was obtained
by averaging the elevation of the isotherms at station T4
over 24 h from day 170.5 to 171.5 and is shown in Fig. 5
together with the corresponding buoyancy frequency profile.
The buoyancy frequency was everywhere, even in the rela-
tively well-mixed epilimnion and hypolimnion, three orders
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Fig. 3. Record of isotherm displacements. In each panel, the
isotherms are 268C, 238C, and 208C from top to bottom. Isotherm
depths were determined through linear interpolation of temperature
records at fixed depths. (a) Tg, (b) Tf, (c) T9, (d) T7, (e) Tv, and
(f) T4. Fig. 4. Power spectra of measured and simulated vertical dis-

placement of the 238C isotherm. Spectra have been smoothed in the
frequency domain to improve confidence. The two dotted lines near
the bottom define confidence at the 95% level. Vertical dotted lines
mark periods of 24 and 12 h. Offset is three logarithmic cycles.

of magnitude larger than the frequencies of the two dominant
oscillatory motions (1 3 1025 and 2 3 1025 Hz). Therefore,
the thermocline did not form a wave guide with turning lev-
els and the corresponding wave rays could propagate in the
entire lake from the surface to the bottom. The horizontal
variation of the time-averaged temperature profile and any
associated consequences could not be investigated because
the metalimnion intercepts the bottom of the lake at the lo-
cation of the stations Tg, Tf, T9, and T7.

Propagation—The propagation of the 24- and 12-h-period
waves along the perimeter of the basin was tracked by fol-
lowing their phase at the stations located along the 20-m-
depth contour. To do so, the displacement of the 238C iso-
therm at each of the stations (Fig. 6a) was band-pass filtered
around 24 h (between 19.8 and 27.8 h; Fig. 6b) and around
12 h (between 10.7 and 13.9 h; Fig. 6c) using a fourth-order
Butterworth filter. The crests of the 24-h-period signal is
seen to propagate cyclonically (anticlockwise) with oscilla-
tions at Tg and T7, located at opposite ends of the basin,

perfectly out of phase, a characteristic of a basin-long azi-
muthal mode 1 wave. By contrast, the 12-h oscillation prop-
agated anticyclonically (clockwise; Fig. 6c), but the oscil-
lations were almost in phase at stations Tg and T7. This
suggests that this oscillation did not correspond to a mono-
cellular anticyclonic wave of the first azimuthal mode filling
the entire basin, as postulated by Antenucci et al. (2000). It
is possible that wave crests propagated along the transect
T9–Tf–Tg while crests at T7 followed a disconnected path.
A different line type is used in Fig. 6c to indicate that the
propagation of wave crests between T7 and T9 was ques-
tionable.

Azimuthal structure—We studied the azimuthal structure
of the dominant components of the wave field by looking at
the evolution, over a period of 24 h, of the band-passed
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Fig. 5. (a) Mean temperature profile at station T4 for days
170.5–171.5 in 2001. (b) Associated buoyancy frequency.

Fig. 7. Temporal evolution of the 24-h component of the 238C
isotherm vertical displacement along the (a) azimuthal and (b) radial
direction, and of the 12-h-period component along the (c) azimuthal
and (d) radial direction. Solid lines suggest the isotherm displace-
ments from equilibrium position (horizontal dash-dot lines) from
data available at the stations (vertical dashed lines) and are replaced
by dotted lines where the structure does not resemble an azimuthal
mode 1 wave propagating around the whole basin. The numbers on
the right of each panel indicate time from the first transect, which
is at day 177.71 in panel (a), 177.82 in panel (b), day 177.98 in
panel (c), and day 177.81 in panel (d). Each isotherm and its equi-
librium position are offset by 26 m in panels (a) and (b) and by
24 m in panels (c) and (d).

Fig. 6. (a) Depth of the 238C isotherm displacements at stations
along the 20-m isobath (with 10 m offset). Vertical displacement
band-passed around (b) 24 h (210 m offset) and (c) 12 h (25 m
offset). Dashed lines indicate the propagation of the crests of the
band-passed signals and are replaced by dotted lines where the sug-
gested propagation does not agree with an azimuthal mode 1 wave
propagating around the whole basin. The filled circles toward the
bottom of panels (b) and (c) are situated at times where there is a
crest at station Tg and are plotted to illustrate the phase lag between
stations Tg and T7.

signals of the 238C isotherm at the stations located along the
20-m-depth contour. The evolution of the 24-h component
(Fig. 7a) resembles the cyclonic propagation of an azimuthal
mode 1 wave covering the entire basin. The 12-h component
(Fig. 7c) appeared to be of an azimuthal mode 2 wave prop-
agating anticyclonically around the basin with oscillations at
stations Tg and T7 in phase. However, data recorded at five
stations along a west–east transect in 1999 (not shown) sug-
gest that the 12-h component was azimuthal mode 1, as does
the transect T9–Tf–Tg in Fig. 7c. This leads to the hypoth-
esis that the structure of the 12-h oscillation was dominated
by an azimuthal mode 1 cell in the main part of the basin
that did not reach the southern embayment of the basin
where station T7 was located.

Radial structure—The phase along a radial transect de-
fined by stations Tf, Tv, and T4 and the monotonic decrease
of amplitude with distance from the shore (Fig. 7b,d) indi-
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Fig. 8. Profiles of coherence squared (solid line for field data
and dashed line for ELCOM results) and phase (circles for field
data and triangles for ELCOM results) of the vertical displacement
of 24-h (a, b, and c) and 12-h (d, e, and f) period oscillations.
Coherence and phase are relative to the 238C isotherm.

cate that the two dominant components of the wave field
were of the first radial mode.

Vertical structure—The vertical modal structure of the 24-
and 12-h-period oscillations was identified by calculating the
phase of the vertical displacement over the depth of the
thermistor chains. The 238C isotherm was chosen as refer-
ence for the phase and the areas where the isotherms inter-
sected the bottom, at any time, were excluded from the anal-
ysis. Figure 8 shows the results at those stations where the
amplitude of both the 24- and 12-h oscillations were large
enough to make the coherence and phase statistically signif-
icant. The small change in phase over the water column in-
dicates that a vertical mode 1 dominated both periodic com-
ponents.

The cyclonic propagation of phase of the 24-h motion and
its horizontal and vertical spatial structure suggests that the
motion was a Kelvin wave with a vertical and horizontal
mode 1 structure that extended over the whole basin, anal-
ogous to that for a circular (Antenucci et al. 2000) or ellip-
tical (Antenucci and Imberger 2001) basin shape; the ba-
thymetry did not influence the modality of this wave. In
contrast, the bathymetry appeared to have a dramatic influ-

ence on the modal structure of the 12-h wave, the field data
suggesting a vertical mode 1 wave with a horizontal struc-
ture with two cells. The first cell, in the main part of the
basin, seems to have a radial and azimuthal mode 1 structure
with anticyclonic propagation of phase; the structure of the
second cell, located in the embayment in the south, could
not be resolved with the field data and was examined using
three-dimensional numerical simulations.

Numerical simulations

We carried out numerical simulations with the Estuary and
Lake Computer Model (ELCOM) to increase the spatial res-
olution of the temperature information and to derive the ve-
locity field. Only a brief description of the model is given
here and the reader is referred, for further details, to the
original publications by Hodges et al. (2000). The model
solves the 3-D, hydrostatic, Boussinesq, Reynolds-averaged
Navier–Stokes equations, and scalar transport equations of
potential temperature, salinity, and tracers in a Z-coordinate
system. Diffusion and advection are separated both for mo-
mentum and scalars and a mixing model, based on the in-
tegral solution of the turbulent kinetic energy equation, is
used to estimate the vertical diffusive transport (Simanjuntak
pers. comm.). The model also includes a filter to control the
numerical diffusion of potential energy (Laval et al. 2003a),
so the stratification and the phase speed of the internal waves
are not altered numerically over the simulation period. Heat
and momentum exchange at the water surface was estimated
by bulk transfer models (e.g., Amorocho and DeVries 1980;
Imberger and Patterson 1981; Jacquet 1983), the transfer co-
efficient being corrected for the stability of the atmospheric
boundary layer (Hicks 1975). The surface-energy fluxes are
separated into a nonpenetrating component introduced in the
surface mixed layer, and a penetrating component introduced
over one or more layers according to Beer’s law. Validations
with temperature (Hodges et al. 2000; Laval et al. 2003a)
and with velocity data (Marti pers. comm.) showed that EL-
COM reproduces well the internal wave dynamics in Lake
Kinneret. Before using the model to investigate the effect of
the bathymetry on the structure of the natural modes, we
tested its ability to reproduce the propagation and vertical
structure of the dominant observed oscillations for the 2001
data set.

Validation—The bathymetry of the lake was discretized
with a 400- 3 400- 3 1-m grid, and a time step of 450 s
was used to satisfy the Courant-Friedrichs-Levy stability
condition for the internal motions. Short wave radiation, net
radiation, air temperature, and relative humidity inputs were
averaged every 10 min from direct measurements taken ev-
ery 10 s at the meteorological station Ty. A two-dimensional
wind field was obtained through spatial linear interpolation
of the records from the stations in and around the lake (see
Fig. 1). More details about the interpolation of the spatially
variable wind may be found in Laval et al. (2003b). The
initial temperature profile is taken from Fig. 5a and is con-
sidered horizontally homogeneous over the lake.

The spectra in Fig. 4 demonstrate that the model repro-
duced the concentration of energy at periods of 24 and 12
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Fig. 9. (a–f) Depth of the 238C isotherm from field data and ELCOM simulation; (g–l) 238C isotherm vertical displacements band-pass
filtered around 24 h; (m–r) vertical displacements band-pass filtered around 12 h.

h. Figure 9 shows the time series of the 238C isotherm dis-
placement and its band-pass-filtered components at the six
stations. It reveals that the model underestimated, by about
20%, the amplitude of the 24-h component, but simulated
well its phase, except at station T4, where the small ampli-
tude of the oscillation made the coherence and phase anal-
ysis statistically not significant. We show below that the un-
derestimation of the amplitude was due to artificial
dissipation introduced by the no-normal-flow boundary con-
dition applied on the step-like bottom discretization, and that
this weakness of the model does not affect the phase and the
modal structure of the simulated waves. The phase of the
12-h component was also well simulated at the stations away
from the north–south axis (Tf, Tv, and T9), where the co-
herence and phase analysis were statistically significant. The
ability of the model to reproduce their propagation around
the basin is verified through an analysis of coherence and
phase. The results are summarized in Table 2 and show that
both periodic signals were coherent in the stations around
the basin in the field measurements and also in the model
results. The model results were also coherent with the field
data at most of the stations. The cyclonic propagation of

phase of the 24-h signal from Tg to T7 and anticyclonic
propagation of phase for the 12-h signal from T9 to Tg were
reproduced well by the model, with relatively small differ-
ences of both components between the model and the field
data. Model results were almost out of phase with field data
at T4, but these results were statistically not significant. Ex-
cluding T4, the station where the biggest relative phase dif-
ference occurred for both signals was T7, the difference be-
ing 1.7 h (7% of the observed period) for the 24-h signal
and 2 h (17%) for the 12-h signal.

The vertical structure of the model results was analyzed
by calculating the phase of the isotherm displacements over
the depth of the simulation grid at locations equivalent to
those of the thermistor chains. The results (Fig. 8) repro-
duced well the dominant vertical mode 1 structure of both
periodic components observed in the field data. Higher ver-
tical modes might still be present in both the field data and
the simulation results, but due to the smaller potential-to-
kinetic energy ratio associated with these modes (Antenucci
and Imberger 2001), they did not contribute significantly to
the isotherm displacement.

Numerical damping in ELCOM: To show that the extra
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Table 2. Results of coherence and phase for 238C-isotherm vertical displacement for field data and ELCOM results. Station Tf is selected
as reference for zero phase when LDS or ELCOM results are analyzed independently. When LDS and ELCOM results are compared, LDS
data are taken as reference.

Station

LDS (compared with Tf)

Coh2 24 h
Phase 24 h

(8) Coh2 12 h
Phase 12 h

(8)

ELCOM (compared with Tf)

Coh2 24 h
Phase 24 h

(8) Coh2 12 h
Phase 12 h

(8)

LDS–ELCOM comparison

Coh2 24 h
Phase 24 h

(8) Coh2 12 h
Phase 12 h

(8)

Tg
Tf
T9
T7
Tv
T4

1.00
1.00
1.00
0.99
0.98
0.92

255
0

114
116

211
240

0.47
1.00
0.94
0.81
0.98
0.93

91
0

2111
110

14
2129

0.94
1.00
0.81
0.99
1.00
0.75

231
0

136
2151

22
2179

0.88
1.00
0.98
0.95
0.99
0.92

131
0

298
2179

26
103

0.89
0.98
0.72
0.97
0.96
0.72

4
219

6
25

210
2146

0.18
0.99
0.89
0.96
0.97
0.89

24
211

3
60

231
2134

Table 3. Estimates of dissipation time scale, damped natural pe-
riod, and resonant amplitude obtained from the field data and from
simulations with different grid size. Vwall is the simulation in a
basin with flat bottom and the horizontal shape of the perimeter of
Lake Kinneret at the depth of the thermocline. The resonant am-
plitude was nondimensionalized by the resonant amplitude estimat-
ed with the field parameters, BF.

Case 1/a (d) T (h) B/BF

Field
Vwall
1003100 m
2003200 m
4003400 m

3.9
3.4
2.8
2.2
2.1

22.61
22.62
22.63
22.65
22.65

1
0.96
0.89
0.79
0.77

damping in the ELCOM was due to the step bathymetry, we
estimated the decay rate of the oscillations in the field and
in the model and calculated the relative amplitude of reso-
nant oscillations in two oscillating systems with the different
decay rates. The decay rate in ELCOM was estimated by
visually fitting a decaying exponential envelope curve to os-
cillations that follow the release of a tilted stratification in
runs with different grid sizes. The associated e-folding times
are compared in Table 3. The same procedure could not be
applied to the field data, as the lake was forced continuously
by the wind before any decay could be evaluated. Instead,
we determined the decay rate and the natural period of the
Kelvin wave (the most energetic wave) by matching the 24-h
band-pass-filtered oscillation of the 238C isotherm at Tv to
the oscillation of a linear damped forced mass-spring system.
This simple dynamic system describes the oscillations at a
particular location of a lake without the complexity added
by the spatial structure (Stocker and Imberger 2003a). The
forcing, F, is given by the input of wind momentum ap-
proximated by 30-min-long uniform wind blocks. In turn,
each constant wind block was considered as made up of a
suddenly imposed steady wind event of infinite duration and
an equal but negative wind event starting 30 min later. At a
particular location in the basin, the isotherm oscillation gen-
erated by every wind event (positive or negative) is given
by

xi 5 AFi{1 2 cos[v(t 2 tlag)]e }H(t)2a( t2 t )lag (1)

where

c
2 2 2a 5 2 , v 5 v 2 a (2)02m

x is the displacement from the equilibrium position, t is the
elapsed time from the start of the wind, c is the effective
damping coefficient, the coefficient A and the phase tlag ac-
count for the spatial location and H is the unit step function.
The parameter a is the inverse of the e-folding time, v is
the damped natural frequency, and v0 is the undamped nat-
ural frequency of the system. The displacement generated by
the wind series is given by linear superposition:

M

X(t, a, v, A, t ) 5 x (t 2 t ) (3)Olag i si
i51

where tsi is the time of start of the ith wind event and M is
the total number of positive and negative wind events. The
values of a and v were obtained by least-squared fitting X
with the 24-h band-pass-filtered 238C oscillation at station
Tv. The 3.9-d decay time scale for the amplitude of the
Kelvin wave, a, translates into an energy decay time scale
of 2 d, which is about half that estimated by Antenucci and
Imberger (2001). This value is also well below the 11.6 d
estimated from the experimental results of Wake et al. (2005)
in a two-layer, flat-bottom circular basin with the Burger
number and inertial period similar to that found in Lake
Kinneret, where the transference of energy to smaller scales
is limited by the absence of topographic features. From the
natural frequency, v, a natural period of 22.6 h (see Table
3) was calculated for the free Kelvin wave.

Using Eq. 2, we estimated v0, leading to an associated
natural period in the absence of damping, T0, of 22.59 h.
With v0 and the different decaying rates, we estimated v for
several grid sizes; the associated periods (Table 3) reveal that
the effect of the extra damping on the damped natural period
was minor. Although the propagation speed of the simulated
Kelvin wave depends on the grid size (Bennett 1977; Be-
letsky et al. 1997), the effect is practically eliminated if, as
in all our simulations, the grid size is less than about one
fifth of the internal radius of deformation (Schwab and Be-
letsky 1998).

The resonant amplitude of the long-term oscillation ex-
cited by a harmonic force of amplitude AF and frequency vF,
given by

B 5 AF m21[(v 2 v )2 1 4a2v ]20.52 2 2
0 F F (4)
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(Table 3) shows a 23% reduction of amplitude for the 400
3 400 grid when the forcing period is 24 h. This is repre-
sentative of what is observed in Fig. 9, indicating that the
smaller amplitude in the model is an effect of grid-step
damping.

From the above, we conclude that, despite numerical
damping, the model provides a valuable tool to expand the
characterization of the modal shape of the isotherm displace-
ments that are induced by the dominant basin-scale internal
waves.

Basin with flat bottom and irregular horizontal shape—
We took the analytical solution for the Kelvin and Poincaré
natural modes in a circular flat-bottom basin (Csanady 1967,
1972; Antenucci et al. 2000) as the starting point in our
investigation of the effects of the irregular bathymetry on
the shape of the natural modes. For elliptical basins, Anten-
ucci and Imberger (2001) demonstrated that azimuthal mode
1 Kelvin waves have maximum isotherm displacements
where the radius of curvature of the basin is minimum and
larger velocities where the radius of curvature is smaller.
This behavior is reversed for Poincaré waves.

To look at the effect of the more irregular basin perimeter,
we carried out a simulation in an idealized 30-m-deep basin
with flat bottom, the horizontal shape of the 15 m depth
(mean depth of the thermocline) contour in Lake Kinneret
(Fig. 1) and the stratification of the top 30 m of the time-
averaged temperature profile in Fig. 5a. A 400- 3 400- 3
1-m grid and a 450-s time step were used. The thermody-
namic module in ELCOM was switched off and no wind
forcing was applied, allowing the system to oscillate freely
from an initial west–east tilt of the stratification. Temperature
and horizontal velocity time series were recorded at every
grid point and used to calculate isotherm displacements and
isopycnal velocities time series. The PSD and rotary-power
spectral density (RPSD; Gonella 1972) of these time series
were then calculated and used to identify spatial variations
in the amplitude of the oscillations. The PSD and RPSD
revealed dominant periodicities close to 23 and 10.5 h for
the vertical displacements and isopycnal velocity. Figure 10
shows the energies of the PSD of vertical displacement and
of the RPSD of isopycnal velocities for isotherms in the
epilimnion (26.58C), metalimnion (238C), and hypolimnion
(178C). The 23-h signal has the characteristics of an azi-
muthal and vertical mode 1 wave: larger displacements to-
ward the shore (Fig. 10a), especially in the metalimnion, and
larger cyclonic velocity component in the epilimnion and
hypolimnion with almost no motion in the metalimnion (Fig.
10b). The elongated shape of the lake produced an increase
of the vertical displacement where the radius of curvature
was minimum and an increase of the velocities where the
radius of curvature was maximum, similar to that found for
an elliptical basin by Antenucci and Imberger (2001). The
vertical displacement of the 10.5-h-period wave was larger
toward the perimeter, especially at three locations in the
northwest, east, and southwest (Fig. 10c), while two am-
phidroms were located in the middle of the basin and in the
southern embayment. Figure 10d shows the difference be-
tween the anticyclonic and cyclonic components of the ve-
locity at 10.5 h. Positive values indicate anticyclonic (clock-

wise) rotation; negative values, cyclonic (anticlockwise)
rotation. Two vertical mode 1 counter-rotating cells com-
bined to make the horizontal structure. The first cell filled
the main body of the basin and had a classic Poincaré-type
structure with velocity vectors rotating anticyclonically and
the largest magnitude in the center. In the second cell, lo-
cated in the embayment in the south of the basin, the veloc-
ity vectors rotated cyclonically. The location of Station T7
in the southern cell (Figs. 1, 10d) thus explains why we did
not observe a simple structure in the field data when inves-
tigating the propagation of phase around the entire basin.

Lake bathymetry with variable depth—To include the ef-
fect of the sloping bottom on the spatial structure of the
natural modes of oscillation, we simulated the motion fol-
lowing an initial tilt of the stratification with the real ba-
thymetry of the lake; all other simulation variables were kept
the same. The energies of the PSD and RPSD at the domi-
nant periods of 23 and 10.5 h are presented in Fig. 11. All
those areas where the isotherms intersected the bottom at
any time were excluded from the PSD and RPSD plots, so
details of the structure close to the edges of the lake were
lost. Despite this, some features still provide an insight of
the effects of the sloping bottom on the structure of the nat-
ural modes. The 23-h-period wave had larger energy (PSD)
of the 238C isotherm displacements toward the north and
south edges of the basin (Fig. 11a) similar to the flat-bottom,
irregular horizontal-shape case. In the hypolimnion, in con-
trast with the small displacements observed for the flat-bot-
tom case, large vertical displacements occurred over the mild
bottom slopes in the south and the west of the lake, revealing
an intensification of the motion over the sloping bottom. In
the hypolimnion (178C isotherm), the cyclonic component of
the RPSD of velocity at 23-h (Fig. 11b) was also larger
toward the south and west. Intensification of the isotherm
vertical displacement and isopycnal velocity over the sloping
bottom also occurred for the 10.5-h-period wave (Fig.
11c,d). The circular Poincaré-type structure of flat-bottom
basins with larger velocities in the middle of the cell was
retained in the epilimnion (26.58C isotherm). The two-cell
structure of this mode was difficult to observe for the slop-
ing-bottom case because the resolution of the method, as
mentioned above, was not sufficient close to the boundary.
However, a curtain along the north–south axis of the lake
(Fig. 12) shows the anticyclonic rotation of the velocity in
the main part of the basin and the cyclonic rotation in the
south end. The vertical mode 1 was maintained, but the sur-
face that separates the two cells was tilted.

Interaction of the wind and the dominant natural
modes

The field observations reveal that the observed dominant
periods in the isotherm displacement are the dominant pe-
riods in the forcing and not the period of the natural modes
(Figs. 2c and 4). We suggest that the observed oscillations
result from the superposition of the free internal waves that
are generated by successive wind events. Here, we illustrate
how superposition of natural modes explains the effects of
the daily changing wind pattern on the observed oscillations.
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Fig. 10. Dominant natural modes of a basin with the horizontal shape of lake Kinneret 15-m
isobath, flat bottom, and continuous stratification. (a) Power spectra of isotherm displacement and
(b) cyclonic component of the rotary power spectra of isopycnal velocity for the 23-h-period natural
mode; (c) power spectra of isotherm displacement and (d) difference between the anticyclonic and
cyclonic components of the rotary power spectra of isopycnal velocity for the 10.5-h-period natural
mode (white lines separate zones with opposite rotation). From top to bottom, the rows show results
for the 26.58C, 238C, and 178C isotherms, located in the epilimnion, metalimnion, and hypolimnion,
respectively. The units of power spectra of vertical displacement are m2 Hz21 and the units of rotary
power spectra of isopycnal velocity are m2 s22 Hz21

Reset of the phase and modification of the period—With
each onset of the wind (Fig. 13a), epilimnetic water started
to move to the southeast, the wind forcing it eastward and
the Ekman transport turning the flow southward, creating
upwelling in the Northwest between stations Tf and Tg (see
also Ou and Bennett 1979). At Tf, downwelling of the 238C
isotherm changed into upwelling with the onset of the wind
on days 170 and 177; on days 171 and 173–176, the iso-
therm was already rising at the time of the onset of the wind,

but the rate of upwelling increased when the wind started
(Fig. 13b). While the wind was pushing the surface water
eastward, a thermocline slope across the basin was built with
associated upwelling at Tf and downwelling at T7 (Fig.
13b,c), adding to the one set up by the existing wave field.
Regardless of the phase of the preceding wave field, a new
set of waves was released at the end of every wind event:
strong downwelling at Tf and upwelling at T7 began when
the wind fell below 5 m s21 (Fig. 13b,c). The new set of
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Fig. 11. Dominant natural modes of lake Kinneret. (a) Power spectra of isotherm displacement
and (b) cyclonic component of the rotary power spectra of isopycnal velocity for the 23-h-period
natural mode; (c) power spectra of isotherm displacement and (d) difference between the anticy-
clonic and cyclonic components of the rotary power spectra of isopycnal velocity for the 10.5-h-
period natural mode. From top to bottom, the rows show results for the 26.58C, 238C, and 178C
isotherms, located in the epilimnion, metalimnion, and hypolimnion, respectively. The units of
power spectra of vertical displacement are m2 Hz21 and the units of rotary power spectra of iso-
pycnal velocity are m2 s22 Hz21. The dotted and solid lines show the perimeter of the lake at the
levels of the free surface and of the indicated isotherm.

waves released at the end of every wind event added to the
waves already propagating around the lake and the combi-
nation appears as a reset of the phase of the observed wave
field and overrides the natural period of 22.6 h, with the
mean forcing period of 24 h.

Resonance—The effect of the temporal pattern of the wind
on the wind–wave field interaction was investigated using

extended records between days 169–205 (18 June–24 July)
at stations Tg, Tf, and T7. We concentrated on the most
energetic 24-h signal. The parameters determining the am-
plitude of a forced oscillating system are the magnitude of
the forcing, the forcing to natural periods ratio, and the ac-
tual-to-critical damping coefficients ratio (Norton 1989). In
general, lakes are underdamped oscillating systems (Morti-
mer 1974), for which the maximum resonant amplitude is
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Fig. 12. Snapshots of the relevant component of the 10.5-h
band-passed velocity along the north–south axis of Lake Kinneret.
(a) and (c) show velocity perpendicular to the transect, with positive
values indicating velocities toward the east; (b) and (d), velocity
along the transect with positive values indicating velocities toward
the south. Solid white lines indicate zero velocity, dotted white lines
show the position of the 10.5-h band-passed 238C-isotherm oscil-
lation, and dashed white lines suggest the location of the boundary
between the two counterrotating cells.

Fig. 13. (a) West–east component of the wind at Tv and depth
of the 238C at stations (b) Tf and (c) T7. Vertical dotted and dashed
lines indicate, respectively, the start and the end of wind events.

Fig. 14. (a) Momentum input of the daily wind events, (b) tem-
poral location of the daily wind events, (c) elapsed time between
the ends of two consecutive daily wind events (the dashed line
indicates Dt 5 22.6 h), (d) amplitude of the Kelvin wave, and (e)
time of arrival of the Kelvin wave crest. Amplitude and time of
arrival of the wave crest are obtained by band-pass filtering around
24 h the 238C-isotherm displacements.

reached when the forcing to natural periods ratio approaches
one (Norton 1989). The magnitude of the forcing is given
by the input of momentum from the wind,

te1
Imp 5 t dt (5)Er ts

where

t 5 CDrairU zUz (6)

is the shear stress over the water surface, ts and te are start
and end times of the wind event, r is the water density, t is
time, CD is a drag coefficient, rair is the air density, and U
is the east component of the wind velocity at Tf. As a new
set of waves is released at the end of each wind event, we
considered the time from the end of the previous wind event
to the end of the wind event under examination, Dt, as the
local period of the forcing. The daily variability in the char-
acteristics of the wind forcing and amplitude and time of the
peak of the 24-h signal at Tg, Tf, and T7 is presented in Fig.
14.

At Tf, the amplitude was about 3 m (Fig. 14d) and the
crests reached the station at around 20 h (Fig. 14e) for the
period prior to day 190; after that date, the amplitude
dropped to values around 1.2 m due to a decrease in the
input of wind momentum (Fig. 14a), and the crest reached
Tf at about 19 h as a direct result of the earlier termination
of the wind events (Fig. 14b). On days 176, 187, and 188,
Dt was close to the natural period of the Kelvin wave (Fig.
14c), so the wave being generated was in phase with the
wave generated by the previous wind event and hence the
amplitude of the internal waves increased (Fig. 14d). The

strong winds on days 174, 175, 185, and 190 did not produce
large amplitude of the internal wave because Dt was far from
that required for resonance.

The gradual positive phase shift of the wave crests (Fig.
14e) was the effect of the natural period of the wave being
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Fig. 15. Lake Kinneret with measured forcing. (a) Power spectra of isotherm displacement and
(b) cyclonic component of the rotary power spectra of isopycnal velocity at 24 h; (c) power spectra
of isotherm displacement and (d) difference between the anticyclonic and cyclonic components of
the rotary power spectra of isopycnal velocity at 12 h. From top to bottom, the rows show results
for the 26.58C, 238C, and 178C isotherms, located in the epilimnion, metalimnion, and hypolimnion,
respectively. The units of power spectra of vertical displacement are m2 Hz21 and the units of rotary
power spectra of isopycnal velocity are m2 s22 Hz21. The dotted and solid lines show the perimeter
of the lake at the levels of the free surface and of the indicated isotherm.

shorter than the average period of the wind and was accen-
tuated when the momentum introduced by the wind was
small, as was the case on days 171 to 173. Events of strong
wind momentum input generated a negative phase shift
(days 174–176, 185–186), especially when the end of the
wind event was delayed, as on days 175 and 186.

Spatial structure of the observed oscillations—The spatial
structure of the internal wave oscillations observed under
atmospheric forcing was extracted from the simulation used

for the validation. The complete structure cannot be visual-
ized because of the lack of resolution of our method close
to the bottom, but the results permit the interpretation of the
PSD and RPSD as a combination of the signatures of the
vertical mode 1 natural modes described above with other
motions excited by the wind: The 24-h-period signal (Fig.
15a,b) shows elements of the free Kelvin wave (Fig. 11a,b),
such as the larger displacements toward the north and south
ends of the lake and the intensification of motion over the
sloping bottom in the west. The strong vertical displace-
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Fig. 16. RMS vertical displacement profile at station Tv cal-
culated from measured and simulated temperature. Profiles are non-
dimensionalized by the RMS displacement at the most bottom
thermistor.

ments observed in the epilimnion at the west and east ends
of the lake is the signature of upwelling and downwelling
at the ends of a surface layer circulation sustained while the
wind was blowing. The 12-h-period signal (Fig. 15c,d)
showed strong currents and vertical displacements over the
sloping bottom, as in the 10.5-h-period natural mode (Fig.
11c,d). However, additional features in the PSD and RPSD
structures suggest that other natural modes with periods
close to 12 h were excited. The most noticeable one, a patch
of high anticyclonic rotating velocities observed in the me-
talimnion (238C isotherm) in the north of the basin, suggests
that the wind also excited a vertical mode 2 wave (Lighthill
1978). The existence of this mode is supported by the rotary
spectra of velocity data collected close to the location of Tv
in 1998 (Antenucci et al. 2000).

The intensification of the velocity over the sloping bottom
has, so far, been identified only from model results. We now
show that the same slope interaction is seen in the field data
by calculating the profile of root mean square (RMS) vertical
displacements, §rms, at station Tv (Fig. 16), located on the
western slope. To do so, we calculated (following Fricker
and Nepf 2000), at the elevation of each thermistor, the time
series of temperature fluctuation with respect to the mean
temperature profile in Fig. 5 and band passed this at the
dominant observed periods, 24 and 12 h. Assuming that
changes in temperature are due mainly to vertical displace-
ment (i.e., assuming very small horizontal temperature gra-
dients), the vertical displacement is give by

jDT rmsj§ 5 (7)rms ]T/]z

where DT is the RMS temperature fluctuation for the 24-hj
rms

( j 5 1) and 12-h ( j 5 2) waves and ]T/]z is the mean
temperature vertical gradient. The surface mixed layer is ex-
cluded because the temperature fluctuations there are dom-
inated by the heating/cooling diurnal cycle rather than by
wave-induced vertical motions. Clearly seen from Fig. 16 is
the amplification of the vertical motion over the gently slop-
ing western slope, which is reproduced by ELCOM reason-
ably well.

Discussion

Temperature data showed that, unlike the Kelvin wave,
the 12-h component of the observed oscillations did not have
the structure of a wave propagating around the entire basin,
pointing to an effect of the irregular bathymetry. Two ver-
tical mode 1 counterrotating cells developed as the result of
the plan shape of the basin. This conclusive result embraces
previous evidence about the identity of the 12-h signal (Ou
and Bennet 1979; Antenucci et al. 2000; Hodges et al. 2000).

There is previous numerical evidence of internal Poincaré
waves being locked to some features of the basin (e.g., Wang
et al. 2000) and of internal natural modes with a multicel-
lular horizontal structure (Schwab 1977; Lemmin et al.
2005); we offer here a dynamical explanation for their oc-
currence in terms of the dispersion relationships for circular
basins developed by Antenucci and Imberger (2001). The
structure of the 218C isopycnal velocity of the 10.5-h-period
wave (Fig. 17) shows circular cells with radii, r0, of 4,800
and 3,000 m separated by a no-flow-across vertical curtain.
A layered model (Csanady 1982; Monismith 1985) with lay-
er temperatures of 26.58C, 21.58C, and 16.58C and depths of
12.5, 11.0, and 6.5 m gave a first vertical mode phase speed
(c1) of 0.32 m s21. With f, the local inertia frequency, equal
to 7.81 3 1025 rad s21, the first vertical mode Burger num-
bers (S1 5 c1r f21) of the large and small cells were 0.8521

0

and 1.36, respectively. The ratio of the inertial period (22.3
h) to the natural period of this mode (10.5 h) was 2.1. Figure
18a shows how the waves in both cells satisfied the disper-
sion relationships for azimuthal mode 1 counterrotating
Poincaré waves in circular basins. Our results suggest that
the horizontal structure of a natural mode has several rotat-
ing cells if circular (or elliptic) subbasins holding rotating
waves with the same period, vertical and azimuthal modes
can geometrically fit into the shape of the basin at the level
of the thermocline. The ratio of the radii of the anticyclonic
and cyclonic cells coexisting in the horizontal structure of a
natural mode, calculated from the dispersion relationships,
is thus a useful parameter to predict the existence of coun-
terrotating cells in a natural mode. The ratio for azimuthal
mode 1 cells is presented in Fig. 18b as a function of the
Burger number of the anticyclonic cell, which is always larg-
er and should occupy the main area of a lake.

Both vertical one natural modes showed a magnification
of vertical displacements and velocities over the sloping bot-
tom, similarly to what Münnich (1996) and Fricker and Nepf
(2000) found for nonrotating seiches in two-dimensional ba-
sins with variable depth. Fricker and Nepf (2000) showed
that the magnification of currents and the location of a def-
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Fig. 17. Snapshots of the 218C-isothermal velocity for the simulation of the flat-bottom basin
with the horizontal shape of the 15-m isobath of lake Kinneret and continuous stratification after
an initial tilt. Velocities are band-pass filtered around 10.5 h. The thick line shows a non-cross-flow
vertical surface and circles indicate the counterrotating cells.

Fig. 18. (a) Dispersion relationships of the two cells of the
10.5-h-period natural mode of a basin with the shape of lake Kin-
neret at the level of the thermocline, superimposed in the dispersion
relationships derived by Antenucci and Imberger (2001). The circle
corresponds to the bigger cell in the middle and the diamond cor-
responds to the smaller cell in the south. (b) Dependence of the
ratio of radii of the anticyclonic and cyclonic cells on the Burger
number of the anticyclonic cell. The dot indicates the case of Lake
Kinneret.

inite amplitude maximum somewhere over the middle of the
slope depends on the structure of the stratification, unlike
the flat-bottom case, where the maximum of bed velocity is
always located in the middle of the basin. In similar fashion,
the maximum bed velocity in the 3-D case is located away
from the middle of the cell, where it would occur in a flat-
bottom Poincaré wave (Csanady 1967; Antenucci et al.
2000). The amplification of the motion over the sloping bot-
tom suggests that the common use of eigen functions cal-
culated under the assumption of a flat-bottom and negligible
vertical bottom velocity (e.g., Monismith 1987; Münnich et
al. 1992; Boehrer 2000) should be applied with caution when
estimating the vertical structure of the natural modes in
lakes.

The intensification of the motion over the sloping bottom
may be the result of focusing of internal waves rays after
reflection from the lake bed, which is larger if the bottom
slope is close to the wave ray slope (the critical slope; Phil-
lips 1966; Dauxois and Young 1999). Despite the step-like
structure representation of the bathymetry in ELCOM, the

effects of focusing of the wave rays can be simulated, but
limited to scales larger than the grid size; the magnitude of
the local focusing is better simulated when the slope between
bottom cell centers is similar to the real slope.

The slope of the rays of the 10.5-h-period wave at the
bottom, sgb, may be estimated from the dispersion relation-
ship for free propagating superinertial internal waves under
rotation (LeBlond and Mysak 1978) as

2 2v 2 f
2s 5 (8)gb 2 2N 2 vb

where v is the frequency of the natural mode and Nb is the
buoyancy frequency at the bottom of the water column. The
interaction with the sloping boundary generates refraction of
these waves but the slope of the rays remains unchanged
(LeBlond and Mysak 1978). The ray slope of the subinertial
internal Kelvin wave cannot be described by Eq. 8. Rhines
(1970) showed that, as for internal Kelvin waves propagating
along a vertical and straight wall, the dispersion relationship
of subinertial internal waves propagating along a wall tilted
at any angle from the vertical is that of free internal waves
in the absence of rotation. The inertial frequency, f, only
influences the trapping of the motion to the wall. Based on
these results, we estimated the slope of the rays of the Kelvin
wave at the bottom from the dispersion relationship of free
waves in the absence of rotation as

2v
2s 5 (9)gb 2 2N 2 vb

As seen from Figs. 19 and 11c,d, the ray slope was similar
to the bottom slope close to the areas where intensification
of the oscillations was observed in the west and, for the case
of the 22.6-h Kelvin wave, in the south. Therefore, it is
likely that the observed intensification over the slope was
the signature of the propagation of wave rays that were
strongly focused after reflection in the bottom.

We based our analysis of the observed oscillations in
terms of resonant interaction of the wind with the natural
modes of the basin. Using geometrical tracing of wave rays,
Maas and Lam (1995) showed that, in an inviscid two-di-
mensional parabolic basin with constant buoyancy frequen-
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Fig. 19. Shaded areas indicate where the ratio of the bottom
and critical slopes is between 1/1.5 and 1.5 for (a) the 22.6-h-period
Kelvin natural mode and (b) the 10.5-h-period natural mode. The
slope of the wave rays was calculated with Eqs. 8 and 9 with the
value buoyancy frequency at the bottom taken from Fig. 5b. Dotted
contours indicate the intersection of the 26.58C, 238C, and 178C
isotherms mean levels with the bottom of the lake.

cy, wave rays do not close upon themselves and natural
modes do not exist. Instead, for some frequencies (and their
associated angles of propagation), focusing makes all the
wave rays converge toward a fixed trajectory, called an at-
tractor, where all the energy concentrates and coherent
modes are no longer observed. For other frequencies, the
focusing is balanced by defocusing and the rays do not con-
verge toward an attractor but do not close either, producing
what they defined as an infinite period attractor where one
ray fills the entire basin. These authors suggest that natural
coherent seiching modes in sloping bottom basins are pos-
sible only for particular geometries.

Their analysis relies on the geometric construction of the
characteristics using the dispersion relationship for linear in-
viscid internal waves in a medium with constant buoyancy
frequency, N, where the angle that the wave ray forms to
the horizontal, u, is maintained after reflection from a slope
(Phillips 1966). If viscosity is considered, the resulting dis-
persion relationship is

v2 1 ivnK2 2 N2cos2u 5 0 (10)

where n is the kinematic viscosity and K is the magnitude
of the wave vector (Kistovich and Chashechkin 1995). After
reflection, changes in K must then be compensated with
changes in u, especially when focusing of the wave rays
produces larger values of K. For low-period attractors, vis-
cous diffusion then balances geometrical focusing of the rays
and the motion concentrates in a shear layer around the at-
tracting trajectory, as is shown numerically by Dintrans et
al. (1999) and Rieutord et al. (2001). These authors also
showed that regular coherent modes are recovered from the
infinite-period attractors when viscous diffusion is taken into
account.

Münnich (1996) found numerically a V1H1 natural mode
in a parabolic basin for which Maas and Lam (1995) ruled

out the existence of any natural mode. Although viscous
diffusion was not considered explicitly in Münnich’s work,
numerical diffusion may have had a similar effect to its
physical counterpart, leading to the occurrence of natural
modes. Besides viscous diffusion, nonlinear effects (Dauxois
and Young 1999; Manders and Maas 2004) and the break-
down of the hydrostatic approximation (Maas 2001) can also
invalidate the conclusions in Maas and Lam (1995) about
the nonexistence of coherent natural seiching modes. Our
data and previous observations (e.g., Thorpe 1974; Lemmin
1987; Münnich et al. 1992) suggest that natural modes of
oscillations are ubiquitous in stratified lakes and focusing
and defocusing of all internal wave rays must balance to
produce wave rays that close upon themselves.

Maas et al. (1997), Maas (2001), and Manders and Maas
(2004) demonstrated in the laboratory the existence of shear
layers around the predicted trajectory of a low-period at-
tractor. We believe that they are not observed in stratified
lakes for several reasons. First, the wind forcing is not a
pure harmonic motion (or a simple combination of few pure
harmonic motions) sustained for a high number of wave pe-
riods, as was always the case in the mentioned experiments.
Second, the long forcing time necessary to generate a low-
period attractor also indicates that they are highly dissipative
and that it is very unlikely that they remain after the forcing
ceases. This was observed by Boegman (pers. comm.), who
noticed that forced interfacial modes generated by harmon-
ically forcing a two-layer rectangular tank die very quickly
after the forcing stops. In addition, the long scale of the wind
forcing at the lake surface creates over-specification of the
boundary conditions (Maas and Lam 1995) and destroys the
attractor. Manders and Maas (2003) reported difficulties to
observe attractors when a length scale is imposed by an os-
cillating paddle.

We described the observed oscillations in Lake Kinneret
as the superposition of internal natural modes generated by
every wind event, on average, every 24 h rather than as a
harmonic forced internal wave with a 24-h period. This rep-
resentation is more appropriate due to the wind pattern and
was successful in explaining the changes in amplitude of the
observed oscillations in terms of the resonant interaction of
the wind with the dominant natural mode of the basin.

Degeneracy (several natural modes may have the same
frequency) and denseness (internal natural modes frequen-
cies may vary over a continuous range) (Münnich 1996)
make the concept of natural modes fragile according to Maas
and Lam (1995), but we argue that the concept is still valid
because the spatial structure of the modes makes them clear-
ly distinguishable and dictates which one of them is excited
by a wind with a given horizontal structure.

The azimuthal and vertical mode 1 Kelvin wave, previ-
ously identified in Lake Kinneret by Serruya (1975), Ou and
Bennett (1979), and Antenucci et al. (2000), was shown to
travel around the entire basin and to possess a natural period
of 22.6 h, shorter than the observed periodicity of 24 h. The
wave amplitude is intensified at the southern and northern
extremities of the lake where the radius of curvature is
smallest, in agreement with the numerical results of Schwab
(1977) for a flat-bottomed Lake Ontario and the analytical



245Spatial structure of internal waves

solution for a flat-bottom elliptical basin of Antenucci and
Imberger (2001).

The second dominant internal mode was made up of two
counterrotating 10.5-h-period Poincaré waves of the first ver-
tical mode that meet the dispersion relationships for circular
basins. Once again, this wave was also phase adjusted each
day by the wind forcing leading to a spectral peak close to
12 h. The basin shape was shown to have two influences on
the wave motion. First, the plan shape determined, through
the perimeter radius of curvature, the azimuthal Kelvin wave
amplitude variations, smaller radii leading to an amplifica-
tion of the amplitude. By contrast, the effect on the 10.5-h-
period natural mode was to generate the two counterrotating
Poincaré cells. Second, a sloping bottom induced an ampli-
fication of the horizontal wave velocity over the slope sim-
ilar to what has previously been predicted in vertical two-
dimensional basins; this is likely produced by focusing of
internal wave rays. In Lake Kinneret, gently sloping regions
have larger bottom velocities and thus higher potential for
sediment resuspension. We also showed that the elapsed time
between the ends of two consecutive wind events determined
whether resonance between the wind and wave motion oc-
curred on a diurnal time scale.
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